RATE OF CONVERGENCE TOWARDS SEMI-RELATIVISTIC HARTREE 

DYNAMICS 



JI OON LEE 



Abstract. We consider the semi-relativistic system of N gravitating Bosons with gravitation con- 
stant G. The time evolution of the system is described by the relativistic dispersion law, and we 
assume the mean-field scaling of the interaction where N oo and G — > while GN = A fixed. In 
the super-critical regime of large A, we introduce the regularized interaction where the cutoff van- 
ishes as Af — > oo. We show that the difference between the many-body semi-relativistic Schrodinger 
dynamics and the corresponding semi-relativistic Ifartree dynamics is at most of order for all 

A, i.e., the result covers the sub-critical regime and the super-critical regime. The N dependence of 
the bound is optimal. 



1. Introduction 

We consider a system of N gravitating three-dimensional Bosons in R'^. When the particles in 
the system have the relativistic dispersion with Newtonian gravity, the mean-field Hamiltonian of the 
system is 

N N 

H^ra. = - ^^)"'" -GY: (1.1) 

j = l i<j ' * ' 

The Hamitonian Hgrav acts on the Hilbert space L'^{M.^^)s, the subspace of L'^{R^'^) consisting of all 
symmetric functions with respect to the permutations of particles. Such a system is known as a Boson 
star. 

We are interested in the mean-field limit, where we let G —J' and N ^ oo with A := GN is fixed. 
The mean-field Hamiltonian is defined by 

i^^. = f:(l-A,)V2-Af^^^. (1.2) 

In the mean- field Hamiltonian Hn, the kinetic energy and the interaction potential energy scale is 
of the same order (inverse length), hence the system is critical and its behavior hugely depends on 
the coupling constant A. It was proved by Lieb and Yau in [3T] that there exists a critical coupling 
constant Xcrit{N), depending on N, such that the minimum energy 

E'.^ inf ^-^t^I^f^ (1.3) 

is bounded below if A < Xcrit{N) and = — oo if A > Xcrit{N). As — > oo, Xcrit{N) converges to a 
number A^^^, where 

2|,„/-„,M2 



^crit 11^111,2(3,3)- 



The exact value of A^^^ is not known, but it was shown in gnUH] that A/tt < A^^j < 2.7. 
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In the subcritical case A < A^^j, the Hamihonian Hn defines a self-adjoint operator with domain 
H^/'^iM?'^) when N is suflSciently large. (Technically, Hjq is considered as the Friedrichs extension 
of (|1.2p .') Thus, it generates the one-parameter group of unitary operators e^**-^™ that describes the 
time evolution of the given system. We focus on the time evolution with respect to Hjq of a factorized 
initial data ij^M '■— for some ip e i/-'(M^). It is expected that ijjN.t ■= e~**-^"?/'7v satisfies 

^N.t ^ , (1.5) 

where (ft is the solution of the semi-relativistic nonlinear Hartree equation 



id, 



:(pt = (l-A)l/Vt-A(^^H¥'t|') 'Pt 



with initial data ipt=o = f- 

The factorization ()1.5p should be understood in terms of the marginal densities (reduced density 
matrices) associated with i/'jv,*. We define the /c-particle marginal density through its kernel 



7^^^((xfe,x'j,) := J dxk+i ■ ■ ■ dxNi}NA^k,Xk+ir ■ ■ iXN)i'N,t{^k^^k+i, - ■ ■ ,xn), (1-7) 

where x^ = {xi, X2, • • • , Xk) and xj, ~ (x'j^, Xj, • • • , xj,). Since ||V'Af,t|U^ — 1j '^^ can see that Tr = 1 
for all 1 < /c < TV. Thus, is a trace class operator. In [5], Elgart and Schlein proved that, in the 
large N limit, the A;-particle marginal density associated with ij^N.t converges to fc-particle marginal 
density associated with the factorized wavefunction (pf^, under the condition that A < 7r/4 and 
(fi e iJ^(M). More precisely, for any fixed t € M, 

\lNl-\Vt){^t\\^0 asA^^oo, (1.8) 

where |(/3t)((/?t| denotes the rank one projection onto (pt- For A < A^^j, it is proved by Lenzmann 
in [19] that the semi-relativistic Hartree equation (|1.6I) is globally well-posed in H'^{M.^) for every 
s > 1/2. Therefore, (jl.Sp shows that the solution of the A^-particle Schrodinger equation 4'N,t can be 
approximated by products of the solution of the semi-relativistic Hartree equation tpt for all t g R. 

The rate of convergence in (jl.Sp is attained by Knowles and Pickl [18] for the case A < 7r/4 with 
the initial condition ip E for s > 1. More precisely. 



7Sl-i^*>(^*r|<^ (1-9) 



Tr 

for some constant C{k,t) independent of N. Here, C{k,t) — Ct^fk where Ct grows at most exponen- 
tially in t. 

In the supercritical regime A > A^^j, on the other hand, solutions of (jl.6p may blow up in finite 
time, which was proved by Frohlich and Lenzmann [12 . Physically, the blowup of the solution of (jl.6p 
describes the gravitational collapse of a Boson star whose mass is over a critical value, provided that 
the relativistic dynamics of the system can be approximated by the semi-relativistic Hartree dynamics 
as in the subcriticial case. This assumption was proved by Michelangeli and Schlein [22] with the 
regularized Hamiltonian 

ii% = y{\-^ifi^^^^y- — \ — (1.10) 

with ckjv > and aAr— ^OasA'^— 7>cxd. The regularized Hamiltonian iJ^ defines a quadratic form, which 
is bounded below, hence we may consider its Friedrichs extension as a self-adjoint operator with domain 
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for all \t\ < T, where T is the maximal time of the existence of the solution of (|1.6p . 

The corresponding results for non-relativistic dynamics is relatively well-established. In [26] , Spohn 
first proved that (|1.8p holds when the interaction potential is bounded. This result was extended by 
Erdos and Yau in [7 for the Coulomb type interaction. In '25', Rodnianski and Schlein obtained an 
explicit bound on the rate of the convergence in (11.81) for the Coulomb type interaction. The result in 
[25] . which showed that the rate of the convergence in (|1.8I) is 0{N^^/^), is extended further by Knowles 
and Pickl [IF for more singular potentials. On the other hand, Erdos and Schlein [5] proved that the 
rate of convergence in (|1.8I) is 0{N^^) for bounded potentials, which is considered to be optimal. The 
same rate of convergence for more singular potentials including Coulomb type potential was obtained 
in [51 U] . Another important result in this direction is the derivation of the Gross-Pitaevskii equation 
for describing Bose- Einstein condensates by Erdos, Schlein, and Yau [H IH [ini [H] • (See also works by 

Pickl mm]). 

In this paper, we improve the bound (|1.9|) and (|l.lip by applying the method developed in f53]. 
First introduced by Hepp [T^ and extended by Ginibre and Velo [131 [H], this method have been 
successful in proving various bounds on the rate of convergence as in [3S1 [H |31 [22 ■ We show that the 
left hand sides of (|1.9p and (|l.lll) , the differences between the one-particle marginal density associated 
with the solution of the time evolution of the factorized initial data and the orthogonal projection onto 
the solution of the semi-relativistic Hartree equation (|1.6p . are 0{N^^). The first main result of this 
paper, which considers the subcritical case, is the following theorem: 

Theorem 1.1. Suppose that A < A^j^, (p £ H^{M.^) with \\(p\\l'^ = 1, and V'at = (/j®^. Let ipN.t = 
^-iiHm^^ 6e the evolution of the initial wave function ip^ with respect to the Hamiltonian (II. 2p and 
let be the one-particle marginal density associated with 'ipN,t- Let ift be the solution of the (jl.Sp 



Remark 1.1. Since the semi-relativistic Hartree equation (|1.6p is globally well-posed in for the 
subcritical case, ^{t) < oo for all i e M. See [191 [4] for more detail. 

In the supercritical case, while we should introduce the regularized Hamiltonian p.lOp to define a 
self-adjoint operator, the approximating semi-relativistic Hartree equation does not need to contain 
the regularized non-linear term, i.e., it suffices to consider the equation (|1.6p for approximating the 
evolution of the A^-particle factorized initial state. The second main result of this paper is the following 
theorem: 

Theorem 1.2. Suppose that A > A^^^, ip G H'^{R^) with \\ip\\l2 = I, and ipN = Let V'^^ = 

g-jt//jv^^ 6e the evolution of the initial wave function tpN with respect to the Hamiltonian (|1.10p with 
otN ^ N~'^ and let 7^'^^^ be the one-particle marginal density associated with ipN t- Vt 




(1.12) 



Tr l^N\-\Vt){'Pt\ <CN 



-1 



(1.13) 



solution of the (|1.6p with initial data Lpt=o — V- Fi^ T such that 

K := sup ||(pt||/i-i/2 < oo. 

\t\<T 



(1.14) 



4 



JI OON LEE 



Then, there exists a constant C, depending only on X, \\ip\\Hi, T, and k, such that 



(1.15) 



for all \t\ < T. 

Remark 1.2. The existence of such T foUows from the local well-posedness of the semi-relativistic 
Hartree equation (|1.6p . See [IHIU for more detail 

As in [551 m 131 122 : we first consider the case where the initial state is the coherent state in the 
Fock space. (See p.2ip and (|3.23l) .') For the evolution of the coherent state, we need to control 
the fluctuation lAisi{t;s), which is defined in (|3.26l) . around the semi-relativistic Hartree dynamics. It 
was proved in Theorem 4.1 of [22^ that for the evolution of the coherent state we can achieve the 
optimal rate of convergence 0{N~^) towards the semi-relativistic Hartree dynamics. We then use the 
information on the evolution of the coherent state to estimate the fluctuations for the dynamics of the 
factorized state (jl.Sp . In [2l[3], it was possible to control the fluctuation U{t\ s) first by comparing it 
with an approximate dynamics U2{t\ s), whose generator is C2{t) (see p.29p ). which was introduced by 
Ginibre and Velo |13| as a limiting dynamics, and then estimating the difference between the evolutions 
U{t\ s) and U2{t\ s). The control of the difference between the evolutions requires the control of the 
square of the potential energy, which needs a bound on the square of the kinetic energy for the semi- 
relativistic case. To avoid the use of the square of the kinetic energy, we use another approximate 
evolution U(t;s) as in [5S]. There is a trade-off between using U2{t;s) as an approximate evolution 
and using Z//(i; s); using U2{t\ s) makes it easier to get an optimal bound for the approximate evolution 
while the difference between lA{t] s) and U2{t; s) is harder to control. Thus, from using U{t; s) as an 
approximate evolution, we can estimate the difference between U {t; s) and U {t; s) without using kinetic 
energy. Instead, we need more precise bounds for the Weyl operator as in Lemma 17.21 

The paper is organized as follows. In Section [51 we show that the time evolution with original 
Hamiltonian can be well approximated by the time evolution with regularized Hamiltonian, provided 
that the cutoff approaches zero sufficiently fast. In Section |3l we define the Fock space and reformulate 
the problem using the operators defined on the Fock space. In Section |4l we prove Proposition 12. 2[ 
which implies the main results of the paper. A series of estimates will be proved in Sections [5] - |8l 

Remark 1.3. Throughout the paper, C and K will denote various constants independent of N. The 
L^'-space norm for 1 < p < oo will be denoted by || • The sequence a at is positive and satisfies 



As in [3] , we first prove an estimate for the difference between the evolution of the initial iV-particle 
wavefunction with respect to the original Hamiltonian and with respect to the regularized Hamil- 
tonian Hf^. 

Lemma 2.1. Let ipN = f'^^ for some G H'^iJS?) with \\ip\\2 = 1- Let ip^.t = e^'-^^Vat and 
ipN t ~ e '^"'■'Aa'- If ^ < ^^rit' then there exist constants C > and No such that, for all t E M. and 



2. Regularization of the Interaction 



Recall that the regularized Hamiltonian is defined by 




(2.1) 



positive integer N > Nq, 



i^N,t-i^%,t\\l<CN^aN\t\. 



(2.2) 



RATE OF CONVERGENCE TOWARDS SEMI-RELATIVISTIC HARTREE DYNAMICS 



5 



Proof. We first consider the derivative 



(2.3) 



Next, we note that 



X 

N 



N 



N 



N 



\Xi - XjHlx^ - x, + aN, 



\xi-Xj\ \xt-Xj\+aN 

rN.t 



rN.t 



(2.4) 



N 



N 



where we used the operator inequaUty 

1 



Xj X j 



/2 



(2.5) 



(See Lemma 9.1 of [5] for the proof.) 

Thus, from (|23)) . ((2^ . and Lemma [611 we find that 



-||VAr,t-V^^,t||2<C^'«JV. 



The lemma follows after integrating over t. 



□ 



From Lemma 12.11 obtain a bound on the difference between the marginal densities associated 
with the ^N,t and ^'n t- 



Corollary 2.1. Let Vat = V'® for some if £ H^{W) with \\ip\\2 = 1. Let ■ipN,t = e-'""*->jjN and 
Tp% I — e^^^^^'ipN ■ For any k G N, let and be the k-particle reduced densities associated 

with ■ipN,t and 4'n f respectively. Suppose < N~'^ in (|2.ip . If X < A^^j, then there exist a constant 
C > and Nq such that, for all t gM. and positive integer N > Nq, 



Tr 



(k) a,{k) 
TN t - ^N t 



< C\t\^/^N-\ 



Proof See CoroUary 2.1 of [3]. 



(2.7) 
□ 



We next estimate the difference between the solutions of the semi-relativistic Hartree equations with 
the Coulomb potential and with the regularized potential. The proof of the following proposition will 
be given in Section |6l 

Proposition 2.1. Let (p € H^(M.^) with \\(p\\2 = 1- Let tpt denote the solution of the nonlinear Hartree 
equation (jl.6p with initial condition ipt=o = f and iff the solution of the regularized semi-relativistic 
Hartree equation 

idt^t = (1 - A)i/V? - A ^ ^ 



* I'Pt I ) 



with the same initial condition ipt=Q — Fix T such that 



K = sup ||</3t||_f/i/2 < 00. 

\t\<T 



(2.8) 
(2.9) 
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Then, there exist constants C and K, depending only on X, k, T, and such that 

\Wt~vnmn<Ca^J,^ (2.10) 

for all \t\ < T . Therefore, 

Tr\\ip^){ip'^\-\^,){^,\\ < \\vt-vn2<Ca]i\ (2.11) 

As a consequence of Corollary 12.11 and Proposition 12.11 Theorem 11.11 and Theorem 11.21 follow from 
the next proposition. 

Proposition 2.2. Let ip e _ff"'^(]R^) with \\ip\\2 = 1- Let ^^'^^^ be the one-particle marginal density 
associated with q-^^^n ip^^ and (pf the solution of the regularized semi-relativistic Hartree equation 
(j2.8p with initial data (pt=o = 'P- Suppose < N^^ in (|2.ip . Then, there exists a constant C, 
depending only on X, T, and k, such that 



Tr 

for all \t\ < T. 



7:^f <CN-' (2.12) 



The proof of Proposition 12.21 will be given in Section 4, where we will use the Fock space represen- 
tation of the problem. 

3. FocK Space Representation 
Let J-' be the Fock space of symmetric functions, i.e. 

J-:=0(i2(M3n))^^ (3 1) 

n>0 

where we let L^(R'^")s — C when n — and s denotes the subspace of symmetric functions with 
respect to the permutation of particles xi,X2, - ■ ■ ,Xn- A vector in is a sequence i{j = {'0''"''}n>o 
of n-particle wavefunctions -0^"^ S (L^(R'^"))s. The scalar product between V'li V'2 G is defined by 

n>0 



and we will omit the subscript J- from now on. We let 

r! := {1,0,0, •••}eJ-, (3.3) 

which is called the vacuum. We will also make use of an operator P„, the projection onto the n-particle 
sector of the Fock space, which is defined by Pni^ — {0, 0, • • • , ■!/'^"\ 0, • • • } for a vector in J^. 
On J^, the creation operator a* and the annihilation operator Ox for a; € M'^ are defined by 

1 " 

{a*ip)^"\xi, - ■ ■ ,Xn) = -7= y^(5(x - Xj)il;^"~^\xi, ■ ■ ■ , xj^i, Xj+i, ■ ■ ■ ,x„) (3.4) 

(a,V)'"Ha:i,--- ,x„) ^ V^T+T ij^"+^\x,xi, ■ ■ ■ ,x„). (3.5) 
For / e L^(R^), a*(/) and a{f) are given by 

a* if) = / dxf{x)a: (3.6) 



a{f) = / dxf{x)ax, (3.7) 
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or equivalently, 

1 " 



{a,ij)^^'>{xi,--- ,Xn)^V^^ J dxj{x)i;^"+^\x,xi,--- (3.9) 
We also use the self-adjoint operator 

</-(/)=«*(/)+«(/) (3.10) 
for / e L^(R'^). We have the following lemma that will be used to bound the creation operator and 
the annihilation operator: 

Lemma 3.1. For any f e L2(R3) and tp G V{Af^/'^), we have 

\\a{m\ < II/II2IIAAI/VII, (3.11) 
||a*(/)^||<||/||2||(AA+l)V2v.|l, (3.12) 

\\aim\<2\\fhm+iy/'^. (3.13) 

Proof. See Lemma 2.1 of [25^. □ 

For an operator J acting on L'^(M.^), we define the second quantization of J, dr{J), as the operator 
on whose action on the n-particle sector is given by 

n 

(dr(j)^)(") =^j,V("\ (3.14) 

where Jj — l(8)l(g)---l(g)J(X)l(X)---l is the operator acting only on the j-th particle. If J has a 
kernel J{x; y), then dT{J) can be written as 



dT{ J) = J dxdy J{x;y)a*ay. (3.15) 
The number operator J\f is defined by 

TV := dT{l) = J dx a*a^ (3.16) 

and it also satisfies 

(A/-V,)(") =nV'("). (3.17) 
We will use the following lemma to estimate dT{J): 

Lemma 3.2. For any bounded one-particle operator J on L^(R'^) and for every ip £ T>(ip), we have 

||dr(J)V.||<||J||||AA^Il. (3.18) 
Here, \\J\\ denotes the operator norm of J . 

Proof. See Lemma 3.1 of [3]. □ 
We define the Hamiltonian Hn on by 

■Hat := J dx al{l - A^y/'^a^ - J J dxdy ^ ala^ayax- (3.19) 

Note that for any function 'ijA'^^ e i^(M^^)s, Hn'^''^^ = HniP'^^K Similarly, we define the regularized 
Hamiltonian "H^ on by 

/ dx a*(l - A,Y/\, II ^^'^y I TT (3-20) 

J 2NJJ \x-y\ + aN " 
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which also satisfies W^V^^^ = for any function V^^^ e L^{M.^^)s. 

For / e i2(M^), the Weyl operator W{f) is defined by 

W(/):=exp(a*(/)-a(/)), (3.21) 

and it satisfies 

W{f) = e-ll/ll'/2 cxp(a*(/)) cxp(-a(/)). (3.22) 
The coherent state with a one-particle wave function / is VK(/)0, which satisfies 

ra>0 



W(/)n = e-ll/llV2exp(a*(/))f2 = e-H^H'/^ V i^lMl^fi. (3.23) 

Vn! 



Let r^' j^-'(a;; y) be the kernel of the one-particle marginal density associated with the time evolution 
of the coherent state W{-\/lVip)Q with respect to the regularized Haimiltonian "H". By definition, 

^N^\^-^y) = ^{e-'^"-'W{VN^)n,a;a,e-'^-'W{VN^)n), (3.24) 
We expect that the limit of the kernel of one particle marginal density is (pf{y)(pf{x), thus we expand 

N,t 



r^' j^-'(x; y) in terms of (ax — \/Nip"(x)) and (a* — \fWipf{x)). Then, we get 



T'^^]:'{x;y)=^-{xM{y) 
V N 

We define the unitary evolution 

Kit; s) := e-''"(*:")W*(yiV(^ne"'^*"*^'^" W'(v^O (3-26) 

with the phase factor 

^it;s) ■■=jjy^ J ^^(^^ * \<p^n{x)\<p^ix)\^ (3.27) 
It turns out that U{t; s) is a unitary operator satisfying 

idtU{t; s) = {C2{t) + Cs{t) + U)U{t; s) and U{s; s) = I, (3.28) 
where the generators £2, -^3, and £4 are defined as follows: 

C2{t) := / dx <(! - A,)V2a, + A / dx{--^ * |^«|')(ar)a>, 

J J \-\+aN 

+ \ [[ dxdy- \- ^{x)cpny)a;a, (3.29) 

J J \x-y\+aN 

+ ^ ff dxdy- ]— {ipf{x)ip^{y)ala*y+^{x)'^{y)a^ay), 

^ J J \X y\ ~r Q-N 



£4 
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Let 



IC:^ J dxalil-A^Y'^a^. (3.32) 

We consider a modified evolution U{t] s), which is a unitary operator satisfying 

idtU{t; s) = {£2(1) + Ci)U{t; s) and U{s; s) = / (3.33) 

We remark that U{t;s) is bounded in Q(/C +Af'^), the form domain of the operator (/C +J\f'^), and is 
strongly differentiable from Q(/C + JV^) to Q*(/C + Af^). See section 8 for more detail. 
For simplicity, we will use notations 

U{t) ■.= U{t;0), U{t) ■.^U{t;0). (3.34) 

When written through the kernel form, the one-particle marginal density associated with the time 
evolution of the factorized states with respect to the regularized Hamiltonian, "/'^'^pix; y) , satisfies 



/Nl 



(3.35) 



4. Proof of Main Results 
In this section, we prove Proposition [221 which implies Theorem 11.11 and Theorem 11.21 
Proof of Proposition \2.2i From p.26p . we find that 

W*{VNip)e''^'''{a^ - VNipf{x))e-''^''*W{VN'fi)^U*{t)a^U{t). 
By definition, we have that 



_ {a*{VN^)f ^_ 1 (a*(^)) 



N 



-n = 



(4.1) 



(4.2) 



iV! (In 

where Pn is the projection onto the A^-particle sector of the Fock space. Here, djv denotes the constant 



For factorized initial data, it follows from (14.11) and (14. 2p that 



(4.3) 



N 



N 



dN / {a*i'p)r 
dN I (a* (</?)) 



N 



N \ ^/iV! 



n,PNW{VNip)U*{t){al + VN(pf{y))U{t)W{t){a^ + VN ip"^ {x))U {t)n 



(4.4) 



= ^ (^^^^"' i¥(VA^^)t/*(t)(a; + ^Wiy)) («x + ^^?(x))t/(t)i7 

Thus, we obtain the following equation for the one-particle marginal. 



— dN i {a*m 



N \ VNl 



n,w{VN(p)u*{t)a.^u{t)n) (4.5) 



N \ VA^! 



10 



JI OON LEE 



For any compact one-particle Hermitian operator J on L^(]R^), we find 
Tr j(7^i,',-|^n(^?l^ 



djv / (a*(<p)) 



N 



N 



w{^/Nip)u*{t)dv{j)u{t)n ) 



d-N I (a* (if)) 



N 



w{VNip)u*{t)(i){jip^)u{t)n 



=:EliJ)+EfiJ). 



(4.6) 



Lemma 15.11 and Lemma 15.21 show that 

Tr J (7^^^), - l^n(^n) I < \EliJ)\ + \EUJ)\ < ^\\J\\e' 
for all compact Hermitian operators J on L^(R'^). Since the space of compact operators is the dual to 



(4.7) 



the space of trace class operators, and since 7^-'^ and \(pf){(pf\ are Hermitian, we obtain that 



Tr 



1^n\-\^?){^?\ 



< 



Ce 



Kt 



N 



which was to be proved. 



(4.8) 
□ 



5. Comparison of Dynamics 



In this section, we prove important lemmas that were used in the proof of Theorem ll.ll bv estimating 
the difference between L{{t; s) and h{{t; s). 

Lemma 5.1. For a Hermitian Operator J on iy^(M^), let 



VL, w{vNip)u*{t)dr{j)u{t)n ) . 



Then, there exist constants C and K, depending only on A and sup|^[<j ||<ps||^i, such that 



Kt 



Proof. We first observe that 

\eHJ)\ = 



N 



N 



-VtM*{t)dT{J)U{t)Vt) 



< 



OAT 

N 



(AA+l)-i/2w^*(ViV^)^^lM 



N 



Nl 



-n 



{N + iY''^u*{t)dv{j)u{t)n 



Lemma 17.11 shows that 



-n 



< 



c 



In 



Lemma \5A\ shows that 

+ iy^^u*it)dT{j)u{t)n\\ < Ce^'\\{Af + ifdT{j)u{t)n\\ < c\\j\\e^'\\{Af + ifuit)n\\ 

< C||J||e^'*||(AA+l)"r!|| =C||J||e^* 
Thus, we obtain 

C\\J\\e^* 



\eHJ)\ < 



N 



which proves the desired lemma. 



(5.1) 
(5.2) 

(5.3) 

(5.4) 

(5.5) 

(5.6) 
□ 



RATE OF CONVERGENCE TOWARDS SEMI-RELATIVISTIC HARTREE DYNAMICS 



11 



Lemma 5.2. For a Hermitian Operator J on L'^{M.^), let 



EUJ) = ^ (^^7=r"' W{VN^)U*mjipt)U{t)nj . (5.7) 
Then, there exist constants C and K, depending only on A and sup|j.|<( ||iy9s|| //i , such that 

C||J||e^* 



\Et{J)\ < 



N 



(5.8) 
(5.9) 



Proof. Let 

7^(J^t) ■.^W{t)(j,{j^t)u{t)-w{t)dp{j^t)u(t). 

We know from Lemma [Ol that P2kU* {t)(j){ Jipt)U{t)VL = for any fc = 0, 1, 2, • • • . Thus, we have 



< 



+ 



N 



k=l 



/Nl 



I VN \ VNl 

N 

" " {Af + i)'^/^i{*{t)(p{jipt)ii{t)n 



(AA + l)-i/2^*(V]v^) 



(5.10) 



Let M (l/2)7Vi/3. Lemma O shows that 



N 



k=l 
M 

fc=i 

/ M 



< 



E 

\k=l 



c 



c 



M 



< 



-. oo 

-T y 



k=M 



c 



p,k-.w*iVN^)^^^^n 



Lemma 15.31 shows that 

\\iAf+lf/'^U*it)(t){Jipt)ii{t)n\\ < CeJ'^^WiAf + l)^/^(t>iJipt)Li{t)n\\ 
< C\\Jipt\\2e^'\\{Af+lfU{t)nf < C\\J\\e^'\\{Af+lfnf = C\\J\\e^K 

Lemma 17.11 shows that 



-n 



< 



c 



IN 



Finally, Lemma 15.61 shows that 



Therefore, 



\Enj)\ < ^ 



Kt 



which was to be proved. 



(5.11) 
(5.12) 

(5.13) 

(5.14) 

(5.15) 
□ 



12 JI OON LEE 

Lemma 5.3. For any -ip E J- and j G N, there exist constants C and K, depending on X, j, and 
supT<|f| ||(y9T||/fi/2 , such that 

{U{t;s)^j,J\f^U{t;s)^j) < Ce^l*~"l(V', (A/" + l^V-)- (5.16) 
A^e have 

(^,(AA + 1)^^) = (^,[z/:2,(AA+ir]^) 

,(AA+iy]V^) 

(5.17) 



Proof. Let ijj ~ U{t; s)ip. We have 

d_ 

dt 

^Im ff dxdy-^-<pt{x)ipt{v){i', Ka* (AA+ 1)^']^') 



\x- 


y\ 


X 




\x- 


y\ 


X 




\x- 


y\ 



Im // dxdyj^—j^t{x)ipt{y){i',a:a;{{Af+iy-iAf + 3y)i;) 

Im // dxdyj^^iptix)iptiy){iM + 3)i~^a^ayi^,iM + 3)^-HiAf+iy - (AA + 3)^)i/^). 



Thus, from Schwarz inequahty, we obtain that 

-^(V^,(AA+1)V) 
at 

<ll dxdyj-^^\^t{x)\\^t{y)\\\ (AA + 3)i-ia,a,^|l |1 (AA + S^'i {{U + ly - + 3y)^\\ 
< Xm + 3)-* ((AA + 1)^- - iM + 3)^ )^;|| ( / [ ^''"'^ 
dxdy\\{Af + 3)i^^a^ayi}\\'^ 



Easy algebra shows that {J\f +3y-^^/^^{Af +iy - {Af + 3y\ < C(7V+1)^/^ From Hardy-Littlewood- 
Sobolev inequahty we have that 

,^,^M^n^<^„^^„4<„^^i,^^^^. (5.19) 

We also have that 

d2;dy||(AA + 3)(^/2)-i^^^^^a||2^ JJ rfa;dy||a^a^(AA+l)(.'/2)-V"|P < ||(AA+1)^/2^"||2. (5.20) 
Altogether, we have shown that 

< C|l (AA + iy/^U{t; s)?Mp = C(z7(t; s)V', (AA + l)JW(i; 5)^-). (5.21) 



J^{l^{t■,s)iJA^f + lyl^{t;s)i;) 



Since Z//(s; s) — I, we also have 

{U{s; s)i;, {JV + iyU{s- s)^;) = {JV + 1)V). (5.22) 

Using (|5.21l) and (I5.22p the conclusion follows directly from the Gronwall's lemma. □ 

Lemma 5.4. For any € J- and j G N, there exist constants C and K , depending on X, j , and 
sup|^l<|t|js| W^PtWh^ such that 

{U{t-s)il:,Nm{t-s)^) < Ce-^I*-''I(?A,(AA+1)2^'+V). (5.23) 

Proof. See Proposition 3.3 of ^25^. □ 
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Lemma 5.5. For any ip Q J- and j G N, there exist a constant C, depending on X, j, and \\^t\\H^ 
such that 



V l\ 



Proof. While this lemma is proved in Lemma 6.3, we give a shorter proof here. Let 



Asit) = / / dxdy 



1 



\x-y\ + UN 



Vti.y)o*xO'yax- 



(5.24) 



(5.25) 



Then, 



We estimate {M+iyA'i{t) and {U+iyAl{t) separately. The first term {N+iyA^{t) satisfies for 
any £, £ that 



(Af + iy/^Csit) = [(Af + iy/^Asit) + (Af + iy/'AUt)) . (5.26) 



|(e,(AA+ 1)^-/2^3(0^)1 



dxdy- 



-(e,(AA+ l)J-/2a;aj,a^V) 



dxdy 



\x ~ y\ + UN 



\x ~y\+ UN 



<( dxdyP^\\aAJ^+l)~'/'a'] // dxdy\\ayaxJ^(^+'^/'^ 



1/2 



1/2 



(5.27) 



\x-y\ 

<c||^i|Ui|lC|||lAA(J-+3)/Vll, 

where we used Hardy inequality in the last inequality. Since ^ was arbitrary, we obtain that 

m +iy/^A^it)i;\\ < C\\^t\\H4^^'+'^/^i^l (5.28) 

Similarly, we can find that 

m + iy/^Aim\ < C||^i|Ui||(AA + 2)(-'+3)/V||. (5.29) 
Hence, from dEM]), and (1051) we get 



II (AA + 1)^/2^3(0^-11 < -^||(AA+l)(^+3)/V||, 
V TV 



which was to be proved. 



(5.30) 
□ 



Lemma 5.6. For all j G N, there exist constants C and K depending only on X, j, anrf sup|^|<f ||iy9s||j:/i 
such that, for any f G ^^(M'^), 



(AA+ 1)^/2 {u*{t)mm) -u*{t)mm) 



n 



< 



CWfhe 



Kt 



N 



Proof. Let 



and 



so that 



n,{f) := (u*{t)-W{t))cly{f)U{t) 
TZ^if) ■.^W{t)cj,{f){u{t)-U{t)) 

W{t)<iy{f)u{t)-w{t)cj,{f)u{t) = n,{f) + n2{f). 



(5.31) 

(5.32) 
(5.33) 
(5.34) 
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Then, from Lemma 15.31 Lemma 15.41 and Lemma 15.51 '^6 find that 



ds {Af +iy'^U*{s;0)C3{s)U*{t;s)<p{f)U{t)n 







< ds 
Jo 

< 



ds 



+ iy+'C3{s)Wit; s)cj){f)U{t)n 



< 



Ce 



Kt pt 



ds 



{M + iy+'-^/^UifPit)n 



N 



(Af + iy+(^/^)(f,{f)u{t)n 



(5.35) 



Thus, we can get the foUowing bound for TZi (/) 

m + iy^'n^ifM 



< 



N 



< 



y N 



Kt _ fW f II pKt 

—\\{M + iy+'^u{t)n\\ < 

The study of 'R-2{f) is similar and gives 
Therefore, 



(5.36) 



Kt 



N 



(5.37) 



< 



(AA+ 1)^/2 (i^*(t)0(/)W(i) - W*(i)0(m(t)) 
^?II/Il2e^* 



< 



{N + iy'^n^im + {M + iyi^n^im 



N 



which was to be proved. 



(5.38) 

□ 



6. Properties of Regularized Dynamics 



In this section, we prove various lemmas, which allowed us to use the regularized dynamics instead 
of the full dynamics. 

Lemma 6.1. Let ipN = for some tp e i7^(M^) with \\ip\\ = 1. Let ip^.t = e"*-^"*-0Ar and 

ip'^ J — e~'^"*Vjv- If ^ < ^erit' th^n there exists a constant C > and Nq such that, for all t E M. and 
for any positive integer N > Nq , 

N 

J2{i^N,u (1 - A,)i/'(1 - A,y/'^N,t} < CN' (6.1) 

i<j 



and 



Proof. Let 



N 



A 



\xi Xj\ 



(6.2) 



(6.3) 
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N , N 



We first consider the operator 



N-l ^ N-1 

Hn-1 = Y.^^- ]^r3T J2 



Let rj = (A^jj/A)^/^ so that > 1 and \r] < A^.^^. Then, 

3 = 1 j=l i<j 

When N is sufficiently large, we have the following operator inequality 

N-l . N-l 

j = l i<j 

for some M > 0. (See Theorem 1 of [21].) Thus, 



Hn-i > -V^'^MN + (1 - J2 



N-l 



Let 

Af-l Af-1 



N - TV ^ 



We consider the operator 



^N - I + Sn ^ 



N-l \ 



AT-l \ / , Af-1 \ / Af-1 

= 1 I \ 3 = 1 I \ 3 = 1 



where we used that [7?^^~^\5jv] = 0. Now, we find that 



I ^ N-l \ I ^ N-l 
Hjj > Sjf + 2H^ Sn - Sn I ]^ E I ^ ( iV E 



N-l 

— > , VjN I Sn- 



Since 

Af-1 

AN-1) 



> Hn-1 > -rj-'MN + (1 - rj-') ^ 5, , 



(6.13) 
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we have that 

<-%^ = 5i/^<-%j^/^ > (^-^-^MN + (1 - rn E s}j Sll' 

> -tj-^MNSn + (1 - J2 ^1^^- 

i=i 

Let Co be a constant satisfying the operator inequaUty 

CoSjSn > V^/jv, (6.14) 
and choose A^i large so that (1 - ry"^) > CpA^f ^ Then, for all N > Ni, 



N-l I N-1 



N-l N-l , N-l 

2 



N-l N-l N-l 

2H^^~''>Sn + 2MNSn > 2(1 - rr') ^ 5,5Ar > (1 - 77-^) ^ ^.^at + ^ ^ 



(6.15) 



where the last inequality conies from the Scliwarz inequality. Hence, we obtain from (16. lip and (j6.15p 
that 

N-l / N-l \ ^ N-l 

Hj, + 2MNSn > (1 - r^) J2 ^J^^ + {^^^ ^ (1 - J2 ^1^^- (6.16) 

j=i \ j=i / i=i 

Similarly, for any 1 < j < -^j 

N 

H% + 2MArS'j > (1 - r^-^) ^ S-.^^ . (6.17) 
Thus, summing (|6.17p over j, we get 

N N 

NH% + 2MN^Sj > (1 - 77"^) ^ S,Sj. (6.18) 
For the operator iJjv, similarly to (|6.8I) . we have 

TV 

-ffAr>-?7"^MiV + (l-7;-i)^S'j, (6.19) 

thus, 

AT 

(1 - r]-^)-^HN + ly^MN > Sj. (6.20) 

j=i 

Together with (|6.18p . we have shown that 



r2 Ar2 N 



+ 2{-^fMNHM + T^^TTT > E ^^^1- (6.21) 



Since TJat and i/^ have the upper bounds 

N 

Hn<Y^ Sj (6.22) 
j=i 
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and 



( N 1 ^ \^ 



^ N-^ ^ ^ 

^2^E^I + ^E^^?^^^E^I' 




(6.23) 



respectively, we have that 

N 

{^N^u HMi^N,t) = (^^^, i?^'/?^'^) < (V'^'^, E ^^^'^'') ^ C^Mlu^ (6-24) 

and 

N 

{i^N,uH%^,^,) = (<^«^,iJ^^®^) < CiV(^«^,5^5>n < CiV^II^II^,. (6.25) 
Therefore, from (|OT|) . (H^!]), and (|05|) . we find 

^(V'w^t, 5.5,VA^.t) < CiV', (6.26) 

i<j 

which proves the first part of the lemma. The second part of the lemma can be proved analogously. □ 



We now consider the regularized semi-relativistic Hartree equation p.Sp given by 

td,^f = (1 - A^/'^? - A * \^f\A ^f, (6.27) 

V I • I + J 



and study properties of the solution of 

The following results will be used in the proof of Proposition 12.1 



Lemma 6.2 (Generalized Leibniz Rule). Suppose that 1 < p < oo, s > 0, a > 0, /3 > 0, and 

1/pi + 1/qi = 1/p with i = 1,2, 1 < qi < oo, 1 < P2 < oo. Then 

\\{~Ay/\fg)\\, < C (||(-A)(^+")/Vl|pJI(-A)"/25||,^ + ||(-A)^/2/||pJ|(-A)(^+«/25||,^) , (6.28) 

where the positive constant C depends on all of the parameters above hut not on f and g. 

Proof. See Theorem 1.4 of [15]. □ 

Lemma 6.3 (Propagation of Regularity). Fix s > 1/2. Let ip £ iJ'*(R'^) with \\(p\\2 = 1- Let ipt and 9?" 
denote the solutions of the semi-relativistic Hartree equations (|1.6p and Hartree equation with cutoff, 
respectively, with the initial condition (pt=Q — ^- Fix T > such that 

K— sup ||<<5f||^i/2 < 00. (6.29) 

|t|<T 

Then, there exists a constant v — v{k,T,s, \\^p\\h') < 00 (hut independent of un) such that 

sup WftWH--, sup \Wt\\H- < V. (6.30) 

\t\<T \t\<T 

Ftoo/. See Proposition 2.1 of 22 . □ 
To prove Proposition l2.11 wc first consider the following a priori bound on the difference in i^-norm: 



18 



JI OON LEE 



Lemma 6.4. Suppose that the assumptions of Proposition \2A\ are satisfied. Then, there exist constants 
C and K, depending only on \, k, T, and such that 



for all \t\ < T. 

Proof. See Proposition 2.2 of 



(6.31) 



□ 



Using Lemma [6.41 we prove Proposition 12.11 In the following proof, we generally follow the proof 
of Proposition 2.2 of j22j except in a few estimates. 

Proof of Provosition [KT\ First, note that, for any |t| < T, |l'/?t|lHi < f for some constant v depending 
only on T, k, and ||</j||/fi, which follows from Lemma l6.2l To prove the proposition, it suffices to show 
that 

\\{-A)'/\^t-'P?)h<Ca]/\ (6.32) 
From Schwarz inequality, we obtain that 
d 



dr 



-2AIm((-A)i/4(^,_^^),(_A)i/4 



<2A||(-A)i/4(^,_^^)|| 



(-A)i/4 



Iv'tp 'fit 



(6.33) 



UN 







1 v>t 





To estimate the right hand side, we use the following decomposition: 



< 



(-A)i/4 
(-A)i/4 
(-A)i/4 



A * 1"^*!^ ) 'fit 
1 



1 



+ 



TT * \fit?j (Vt - fit) 
1 1 



(-A)i/4 
(-A)V4 



1 



- aN 



- aN 



The first term in the right hand side of (|6.34p is bounded by 
1 



(-A)i/4 



< C 



(-A) 



1/4 



1 



\fiti- 



1 



\fit\' 



where we used the generalized Leibniz rule, Lemma 16.21 By Sobolev inequality, 

\Wt-^nz<c\\[-^s"\fit-fi'i)u 

and by Kato's inequality. 



<C\\vt\\ 



(6.34) 
(6.35) 

(6.36) 
(6.37) 
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Since 



we find that 



H'^tr = -47^(-A)-^|<Pt|^ 



where G3/2 is the kernel of the operator (—A) that is given by 



-3/2 



r(3/4)' ' • 

Thus, from Hardy-Littlewood-Sobolev inequality and Sobolev inequality, 



C 



6 



(6.38) 



(6.39) 



(6.40) 



(6.41) 



From (jOSj) . (|636)) . ([OTt . and ((OTI) . we get 

1 



(-A)i/4 



* l<^t|" (<^t - V") 



<C\\i~A)'^\cp,-^^)\\, 



(6.42) 



The second term in the right hand side of (|6.34l) can be bounded analogously, hence it satisfies 
1 1 



(-A)i/4 



<c\\{-Ay/^{^t-^t) 



(6.43) 



The third term in the right hand side of (j6.34l) is again bounded using Lemma 16.21 by 

1 1 



(-A)i/4 



- aN 



* IVtP ) 'fit 



< C 



(-A 



C 



1 



1 



11^*11. 



(6.44) 



ll(-A)i/Vll 



We have from Hardy-Littlewood-Sobolev inequality, generalized Leibniz rule, and Sobolev inequality 
that 



(-A)i/4 



1 



1 



< CaN\\{-A)'^\-^ipt)h < CaN\\i-Ay/*ipth\\ipt\\e < CaN^v. 
From Hardy inequality, we get that 



(6.45) 



1 



1 



- aN 



< aN 



Thus, from ((05|) . and (lOl) . we obtain that 

1 1 



(-A)V4 



< CaNi^^- 



< CaN- 



(6.46) 



(6.47) 
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The fourth term in the right hand side of (|6.34|) is bounded by 



(-A)i/4 
< C 



1 



+ C 



1 



UN 



1 



UN 



We notice that 



(-A) 



1/4. 



(^)< 



(6.48) 



C 



(l^l +a)3/2^ 



which is proved in Proposition 2.2 of 22 . Thus, 



V I • I + "AT 



where we used Lemma 16.41 in the last inequahty. We also have that 

1 



aN 



(1^*1 -i^"r) 



(6.49) 



(6.50) 



(6.51) 



where we used the same argument as in (|6.50p . Thus, from (j6.48p . (|6.50p . and (|6.5ip . we obtain that 



(-A)i/4 



1 



i\^t\'-Knu^t-^?) 



< Ca]/'' + C||(-A)i/4(<^, - ^nil2. (6.52) 



The last term of the right hand side (|6.34p is bounded by 

1 



(-A)i/4 
< C 



(-A)i/4 
+ C 



- aN 
1 



i\^t\'-\^?nhpt 



- aN 



(6.53) 



1 



■ aN 



Il(-A)i/V*ll3. 



The first term in the right hand side of (j6.53l) is bounded by 



aN 



< 



(-A)i/4- 



- UN 



\\\^t\'-m' 



< Cun 



(|-|+aiv)3/2 



(6.54) 



where we used the bound (|6.49p . An explicit computation shows that 



(l-l+aiv)^/^ 



= 47r 



(r + qat)^/' 



647r _3/2 
-ar = 



Hence, 



(-A)V4 ('^^,(|^,|2_|^.|2)\ 



105 



< Ca 



"N 



1/2 
N ■ 



(6.55) 



(6.56) 
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The second term in the right hand side of ()6.53|) is estimated as 



||(-A)i/Vll3< 



< C \\\^t? - \^?\%, Mm < C + \^n\2 \Wt ~ VtUWtWm 

<cu\\{-^f'\ip,~^r)h, 



(6.57) 



where we used Sobolev inequahty and Hardy-Littlewood-Sobolev inequality. Thus, from (|6.53p . (|6.56p . 
and (|6.57p . we obtain that 



(-A) 



1/4 



1 



Therefore, from (|633l) . ([631, (EH), (fOSl) . (jMZl), (|632l) . and ([6381) . we find that 
d 



dt 



<CaN + C\\i-A)y^{^,-^t)\\l 
Now, (|6.32p follows from Gronwall's lemma. This concludes the proof of the Proposition 12.1 



(6.58) 



(6.59) 



□ 



7. Properties of Weyl Operator 
In this section, we prove various estimates on the following state: 



(7.1) 



Lemma 7.1. There exists a constant C > such that, for any ip G L (R ) with \\ip\\2 = 1, we have 

< : 

(7.2) 



(AT + l)-i/2iy* (ViV^) ^^^MLi7 



< 



Proof. See Lemma 6.3 of [2]. 



□ 



In the next lemma, we prove an estimate on the state (j7.ip . which primarily shows that the state 
has a very small probability of having an odd number of particles. 



Lemma 7.2. For all non-negative integers k < {1/2)N^^^ , 



and 



Proof. Since 



/TV! 



< 



I'M 



n- (a*(<P)) 



< 



2(fc + 1)3/2 



djyVN 



(7.3) 



(7.4) 



W 



'{VNip) = W{~y/Nip) = e"^/^exp (a*{-y/Nip)j exp (a{y/Nip)J , (7.5) 
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we find for any i < N that 



^ m\ (N-e + my. ^'^'^ 

^ ■ m— 



^ ■ m— ^ ^ 

=-"'-v«"-'i:f,l)i=(<.-(.))'« 



^ m— ^ 

^±N-'/'L\''-'\N){a*i^))% 

UN 



where lI"\x) denotes the generaUzed Laguerre polynomial. 

Generalized Laguerre polynomials L^"^ (x) satisfy the following recurrence relations: 

i(ri)(x)=LW(^)-4-\(^), (7.7) 
xL("+i)(x) = (n + a + 1)4") (x) - {n + l)ii"i(x). (7.8) 

(See [T] for more detail.) From the recurrence relations, we find that 

xLt\'\x) = xLt\'\x) - xLt\'\x) = [{n + a + l)Lt\'\x) ~ nL'^:^^\x)\ - xl}t^\x) 

= (a + 1 - :r)it+'^(^) " nL^^'-\x) + nit+'H^) (7-9) 
= (a + l-a;)itV^(a;)-r.i(")(:.). 



Hence we get, 



Define 



L^\x) ^ '^^^L^:^^\x) - Il^:^^\x). (7.10) 



_ fiVd-^V^Lf -^)(7V) if ^ odd 

\7V-^/2Lr-'^(7V) if ^ even- ^^'^^^ 

Then, from (|7.10p . we can find the following recurrence relations for Ac 

^''+'-~2kTT"''2kTT' 2fc N 2^' ^^■^^> 

where fc is a non-negative integer. It can be easily computed that Aq — 1 and Ai = 0. Now, we 
consider the following claim: 

Claim. For any 1 < fc < {1/2)N^/^, 
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We prove the claim inductively. It is trivial that Aq and Ai satisfy the claim. If Ao,Ai,- 
satisfies flAS^ . then from (frT2|) . we obtain that 



A2k\ < 



1 



1 /^/2fc2 



Ny^{2k-iy. k^{2k-2)\ VPO! V ^ 



2fc - 1 \ 1 
2k 



■ ,A2k-l 



^ 4fc 



< 



(7.14) 



since k < {1/2)N'^^^. We also have that 

, , , 1 ky/k 

A2k+1 < 



y/(2ky. i2k + i)^{2k-iy. ^{2k + iy. 



\/2k + 1 + 



V2k^ 
V2fc + 1 



1 f , 2fc4 
2k + I 



V(2fc + 1)! 



1/2 



2V2fc2) < ^^^(fc3 + 3fc2 + 2fc + 1)1/2 (7.15) 

2fc + i J - ^{2k + iyr 



< 



(fcj^jV^TT 
v/(2fc + l)! ■ 



Thus, the claim (17.13^ is proved. 
Now, we observe that 



and 



< 



A2k 



A2k+1 



< 



(a*((^)) 



2k 



-n 



< 



— (7.16) 



< 



(fc + 1)3/2 



dNVN 



(«*(^)) 



2/c+l 



< 



(fc+ 1)3/2 



This proves the desired lemma. 



(7.17) 



□ 



8. Properties of the evolution operator U{t; s) 
In this section, we prove some basic properties of the operator U{t; s). 

Following Proposition 2.2 of [13], we can prove that U{t; s) is bounded in Q{JC +J\f'^), provided that 
{C2{t) is stable. (See Proposition 3.4 of [T7] and Lemma 7.1 of [2] for more detail.) The following 

lemma shows that {C2{t) + C4) is stable: 

Lemma 8.1. Assume that v{t) — sup|^|<( ||^fi < 00. Then, there exist constants C',K' > 0, 
depending on N, apj, X, t, and vit), such that, for the operator A2{t) = C2(t) + £4 + C{N'^ + 1), we 
have the operator inequality 

±A2{t)<K'A2it). (8.1) 
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Proof. Note that 



dxdy-. 



X 



V?{y)'^?{y)ax(^x - // dxdy- — tpf{x)tpf{y)alax (8.2) 

J J \x-y\+aN " ^ ' 



\x-y\ + aN 

dxdy- ^ ip'^{x)ipf{y)ala* + h.c. 

\x-y\ + aN ^ 

where h.c. denotes the Hermitian conjugate and (pf = dfipf- Recall that (pf is the solution of 
Since 

11(1 -A)i/20,||2< 11^,11^, (8.3) 

and 



1 



aN 



|0t|^||oo < \\(t)t\\m/2 < oo, 



(8.4) 



we find that ipf e L'^{R^). Thus, for any ip e 
X 



■0, / / dxdy 



\x~y\ + aN 



'Pt{x)ipf{y)alalij 



< / dxdyWoxayipW'^ + / dxdy\ 



X 



\x - y\+ aN 



dxdy (^axaytp, ■ 

pfixri^fiyrm 



X 



\ \x-y\+aN 

2|,„q/„m2|, 'a /'„,m2|1„;,||2 



(8.5) 



Other terms in the right hand side of (|8.2p can be bounded similarly. Thus, we find that 

Lemma 6.f of |J shows that -C(7V + 1) < C2{t) - K. < C{N + 1) for some constant C > 0. 
Moreover, for any ip d 



(8.6) 



1 



\x-y\ + aN 



a*a*axay'ip 



< CN-^a],\^,J^^^), (8.7) 



hence < CN ^a^^^Af^. In summary, we showed that that there exist constants C',K' > such 
that 



dt 



A2{t) < K'{N^ + 1) < K\C2{t) + £4 + C'{N^ + 1)) = K'A2{t) 



which was to be proved. 



□ 



The following lemma that shows the number of the particles in the state U* {t)4){f)U{t)Vl cannot be 
even. 

Lemma 8.2. Let f e L'^{R^). Then, for any k = 0,1,2, ■■■ , 

P2kU*{t)4>{f)U{t)n = Q. (8.9) 

Proof. We first show that the parity (— 1)'^ and the operator U{t) commute. We note that 
d 



z| {u*{t){-l)^U{t)) = Wm-l)^, {C2{t) + U)]U{t). 
Since {C2{t) +£4) and (— 1)"^ commute, we have that 



I {u*{t){-l)^U{t) 



= 0. 



(8.10) 



(8.11) 
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We also know that t({0) = I, hence, 

W{t){-l)^U{t) = U*{Q){-l)^U{Q) = (-1)^. (8.12) 

Thus, (-l)-^W(t) =U{t){-l)^ for all t. Similarly, U*{t) and (-1)-^ also commute. 

Since U{t) and U*{f) commute with the parity (—1)-'^, we have that for any non-negative integer k 

and any -q <E F, 

{r,,P2kU*{t)a{f )U{t)n) = {7j,P2k{~l)^l{*{t)a{f)l{{t)n) = {t^, P2kli*{t){-l)^a{f)U{t)n) 
= (r?, P2kl{*{t)a{f){~l)^-^U{t)n) = {71, P2kU*{t)a{f)U{t){~l)^-^n) (8.13) 

= -{'n,P2kU*{f)a{.f)U{m), 

which shows that P2kU* {t)a{f)U{t)n = 0. The proof for that P2kU*{t)a*{f)U{t)n = is similar. 
Therefore, we get the desired lemma. □ 
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